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A three-dimensional (3-D) two-fluid model coupled with the population balance equa-
tion is used to predict bubbly flows with the presence of heat and mass transfer processes,
particularly on subcooled boiling flows at low pressures. To account for the nonuniform
bubble distribution in the bulk liquid at subcooled conditions, the CFX MUSIG (MUltiple-
Size Group) model is further developed by incorporating the wall nucleation at the heated
wall and condensation in the flow regime. Model predictions, covering a wide range of
different mass and heat fluxes and inlet subcooling temperatures, are compared against
local and axial measurements. For the local case, the bubble size predictions include the
comparison of the empirical bubble diameter relationships adopted in the CFX boiling
model. The study shows that good agreement is better achieved by the present model with
respect to the radial distributions of the bubble Sauter diameter, void fraction, interfacial
area concentration, and liquid velocity profiles. However, significant weakness prevails
over the vapor velocity distribution. Work is in progress to circumvent the deficiency by
considering additional momentum equations or developing an algebraic slip model to
account for bubble separation. For the axial case, good agreement is also achieved for the
axial distributions of the mean bubble Sauter diameter, void fraction, and interfacial area
concentration profiles. Here, the model correctly represents the plateau at the initial
boiling stages at upstream, typically found in low-pressure subcooled boiling flows,
followed by the significant increase of the void fraction at downstream. © 2004 American
Institute of Chemical Engineers AIChE J, 51: 8–27, 2005

Introduction

Application of the population balance approach toward bet-
ter describing and understanding complex industrial flow sys-
tems has received unprecedented attention. This has resulted in
a number of significant developments, especially toward better
designing bubble column reactors or other types of reactors that
require large interfacial area for gas–liquid mass transfer and

efficient mixing for competing gas–liquid reactions. Neverthe-
less, in many of these reactors, the rate of transport of the gas
to the liquid often negates productivity. This aspect is a critical
design criterion. To resolve this problem, there is still a great
need to formulate a more fundamental understanding of the
local hydrodynamics and rate processes. To achieve an opti-
mum design, a more in-depth study, investigating the range of
bubble sizes and thus the interfacial areas between the gas–
liquid phase that may exist within the flow regime, is required.

With the advancement of computer technologies, the quest
for improved designs has provided much impetus toward the
use of numerical models. Recently, Ramkrisha and Mahoney1
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reviewed the applications of population balance models to a
number of industrial problems. These models have been shown
to possess tremendous potential and have a promising future
toward handling complex two-phase flow systems. Several
numerical studies, using the methodology of computational
fluid dynamics (CFD), have been conducted.2-5 The coupling
between the CFD and population balance models has expedited
a more thorough understanding of different flow regimes. They
have also further enhanced a better understanding of the bubble
mechanisms, especially with the consideration of bubble co-
alescence and breakup mechanisms in the model simulations.

Although considerable efforts have been invested to develop
more sophisticated models for bubble migration, attention of
the transport processes is still very much focused on isothermal
bubbly flow problems. Wu et al.,6 Hibiki and Ishii,7,8 Hibiki et
al.,9 and Ishii et al.10 all formulated an interfacial area transport
equation for two-phase turbulent flows. This transport equation
may be regarded as a simpler form of the population balance
equation in determining the range of bubble sizes in the flow
volume. In a finite-control volume, the currently applied pop-
ulation balance models, as reviewed by Ramkrisha and Ma-
honey,1 track the distribution of various bubble sizes that may
exist in the bulk liquid. The interfacial area transport approach,
however, determines only average values of the bubble size
based on the average distributions of the interfacial area and
void fraction in the same control volume. This approach also
aims to categorize various types of bubbles into groups, such as
two-group interfacial area transport equations covering the
range of bubbles from bubbly-to-slug flow transition, which are
the spherical/distorted bubble group and the cap/slug bubble
group. Along similar developments, Milles and Mewes11 and
Lehr and Mewes12 formulated a transport equation for the
interfacial area density (average bubble volume) to resolve the
bubble mechanistic behaviors in bubble columns.

There is an increasing need to develop a more robust math-
ematical model capable of handling complex phenomena as-
sociated with hydrodynamics, heat and mass transfer, and
bubbles undergoing coalescence and breakup. The subcooled
boiling flow, which belongs to a specific category of bubbly
flows, embraces all the complex dynamic interactions of the
above-mentioned phenomena. Here, heterogeneous bubble nu-
cleation occurs within small pits and cavities on the heater
surface, designated as nucleation sites. These nucleation sites
are activated when the temperature of the surface exceeds the
saturation temperature of the liquid at the local pressure. If the
temperature of the bulk fluid remains below saturation at the

same location, the boiling process is known as subcooled flow
boiling. Subcooled flow boiling is thus characterized by a
high-temperature two-phase region near the heated wall and a
low-temperature single-phase liquid away from the heated
surface, as depicted in Figure 1. Subcooled boiling starts at a
point called the onset of nucleate boiling (ONB). It continues
downstream from the ONB point until the void fraction begins
to increase sharply at a location called the net vapor generation
(NVG). The NVG point is the transition between two regions:
low void fraction region followed by a second region, in which
the void fraction increases significantly.

In our investigation of axial void fraction distribution in
channels, significant improvements made to the boiling flow
model contributed to good agreement of the model predictions
against a wide range of experimental data.13,14 Nevertheless,
further investigations in Yeoh et al.,15 against local radial
measurements of Lee et al.16 for a low-pressure subcooled
boiling annular channel flow, revealed a significant weakness
of the model, primarily in the radial prediction of the bubble
Sauter diameter and liquid and vapor velocities. The empirical
correlation applied for our axial comparison exercise that de-
termined the bubble size in the bulk subcooled liquid was
derived to predict only the macroscopic consideration of the
boiling phenomenon. It was thus not surprising that numerical
models that use this sort of relationship were unable to ade-
quately resolve the complex mechanistic behaviors of bubble
coalescence and condensation (microscopic in nature) as ob-
served through experiments. Experimental observations by Lee
et al.,16 using high-speed photography (see Figure 2), clearly
depicted the presence of large bubble sizes away from the
heated wall. The vapor bubbles, relatively small when detached
from the heated surface, were seen to increase in size as a result
of bubble coalescence. The bubbles, however, gradually de-
creased in size as a result of the increased condensation as they
migrated toward the opposite end of the unheated wall of the
annular channel. This phenomenon, commonly found in sub-
cooled boiling flows, was further confirmed by experimental
observations of Gopinath et al.17 (see Figure 3), which illustrate
a bubble gradually being condensed in a subcooled liquid away
from the heated surface.

The absence of the bubble mechanistic behavior, such as bubble
coalescence clearly observed during experiments in the vicinity of
the heated wall and the condensation process being dominant in
the unheated flow region, significantly compromised the model
predictions (especially the bubble Sauter diameter distribution). In
the two-fluid CFD model, which is the most commonly used
macroscopic formulation of the thermal-hydrodynamics of the
two-phase systems, the phasic interaction term appears in the field
equations. These terms represent the important contribution of the

Figure 1. Subcooled flow boiling regions.

Figure 2. Significant bubble coalescence observed in
the vicinity of the heated wall of an annular
channel.16
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mass, momentum, and energy transfers through the interface be-
tween the phases. An accurate determination of the bubble Sauter
diameter is crucial because the bubble size influences the inter-
phase heat and mass transfer through the interfacial area concen-
trations and momentum drag terms. Because of the successes in
using the population balance approach, the potential to implement
and extend the modeling to predict the nonuniform bubble size
distribution in subcooled boiling flows is of enormous signifi-
cance. Such a capability does not exist in the current state of the
art. Therefore, a successful and specific development of the pop-
ulation balance approach for boiling flows can contribute to a
significant improvement in formulation of the two-fluid boiling
model.

The objectives of this present study are twofold: (1) to
develop and formulate a population balance approach using the
MUSIG (multiple-size group) model (developed originally by
Lo18) coupled with a complete 3-D flow numerical simulation
for subcooled boiling flows at low pressures, especially the
inclusion of the important phenomenology of nucleation and
condensation processes in the generic computer code CFX; and
(2) to evaluate the new MUSIG boiling model through valida-
tion against experimental measurements. Comparisons of
model predictions for a range of different mass and heat fluxes
and inlet subcoolings are performed against axial measure-
ments of Zeitoun and Shoukri19 and local measurements of
Yun et al.20 and Lee et al.16 The latter experiments allow
comparisons of local radial quantities within the boiling chan-
nel, whereas the former experiments permit comparisons along
the axial length of the test channel. The former will also help
to assess the capability of the developed MUSIG boiling model
in predicting the subcooled boiling flow characteristics de-
picted in Figure 1.

Mathematical Formulation
Flow equations

The two-fluid model, treating both the vapor and liquid
phases as continua, solves two sets of conservation equations
governing mass, momentum, and energy, which are written for
each phase as:

Continuity Equation of Liquid Phase

��l�l

�t
� � � ��l�lu� l� � �lg (1)

Continuity Equation of Vapor Phase

��g�gfi

�t
� � � ��g�gu� gfi� � Si � fi�lg (2)

Momentum Equation of Liquid Phase

��l�lu� l

�t
� � � ��l�lu� lu� l� � ��l�P � �l�lg�

� � � ��l�l
e��u� l � ��u� l�

T�	 � ��lgu�g � �glu� l� � Flg (3)

Momentum Equation of Vapor Phase

��g�gu� g

�t
� � � ��g�gu� gu� g� � ��g�P � �g�gg�

� � � ��g�g
e��u�g � ��u�g�

T�	 � ��glu� l � �lgu�g� � Fgl (4)

Energy Equation of Liquid Phase

��l�lHl

�t
� � � ��l�lu� lHl� � � � ��l�l

e�Tl�

� ��lgHg � �glHl� (5)

Energy Equation of Vapor Phase

��g�gHg

�t
� � � ��g�gu� gHg� � � � ��g�g

e�Tg�

� ��glHl � �lgHg� (6)

In Eq. 1, �lg represents the mass transfer rate attributed to
condensation in the bulk subcooled liquid, which is expressed
by

�lg �
haif�Tsat � Tl�

hfg
(7)

where h is the interphase heat transfer coefficient (determined
from Ranz and Marshall21) Nusselt number correlation and aif

is the interfacial area between phases per unit volume. The wall
vapor generation rate is modeled in a mechanistic way, derived
by considering the total mass of bubbles detaching from the
heated surface as

�gl �
Qe

hfg � CplTsub
(8)

where Qe is the heat transfer resulting from evaporation. This
wall nucleation rate is accounted in Eq. 2 as a specified bound-
ary condition apportioned to the discrete bubble class based on

Figure 3. A bubble undergoing condensation in a sub-
cooled liquid.17
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the size of the bubble departure criteria on the heated surface.
On the right-hand side of Eq. 2, Si represents the additional
source terms attributed to coalescence and breakup based on
the formulations that are described in the next section. The
term fi�lg represents the mass transfer resulting from conden-
sation redistributed for each of the discrete bubble classes. The
gas void fraction along with the scalar fraction fi are related to
the number density of the discrete bubble ith class ni (similarly
to the jth class nj) as �g fi 
 nivi. The size distribution of the
dispersed phase is therefore defined by the scalar fi. The pop-
ulation balance equation for each of the discrete bubble classes
ni is provided in the next section. Interphase transfer terms in
the momentum and energy equations—�lg and Flg—denote the
transfer terms from the gas phase to the liquid phase. The mass
transfer �lg is already given in Eq. 7, whereas the total inter-
facial force Flg considered in the present study includes the
effects of

Flg � Flg
drag � Flg

lift � Flg
lubrication � Flg

dispersion (9)

The terms on the righthand side of Eq. 9 are the drag force, lift
force, wall lubrication force, and turbulent dispersion force, re-
spectively. Detailed descriptions of these forces can be found in
Anglart and Nylund22 and Lahey and Drew.23 Briefly, the inter-
phase momentum transfer between gas and liquid resulting from
drag force is given by

Flg
drag �

1

8
CDaif�l�u� g � u� l��u� g � u� l� and

Flg
drag � �Fgl

drag (10)

Lift force in terms of the slip velocity and the curl of the liquid
phase velocity is described by

Flg
lift � �g�lCL�u� g � u� l� 	 �� 	 u� l� and Flg

lift � �Fgl
lift (11)

Wall lubrication force, which is in the normal direction away
from the heated wall and decays with distance from the wall, is
expressed by

Flg
lubrication � �

�g�l�u�g � u� l�

Ds
max�0, Cwl � Cw2

Ds

yw
�n�

and Fgl
lubrication � �Flg

lubrication (12)

Turbulence-induced dispersion taken as a function of turbulent
kinetic energy and gradient of the void fraction of the of liquid
yields in the following form

Flg
dispersion � �CTD�l
��l and Fgl

dispersion � �Flg
dispersion (13)

The drag coefficient CD in Eq. 10 has been correlated for
several distinct Reynolds number regions for individual bub-
bles according to Ishii and Zuber.24 The constant CL takes a
value of 0.01, as suggested by Wang et al.25 The wall lubrica-
tion constants Cw1 and Cw2, as suggested by Antal et al.,26 are
�0.01 and 0.05, respectively. According to Kurul and

Podowski27 the recommended value for CTD of 0.1 is used for
the turbulent dispersion force.

A two-equation 
–� turbulence model is used for the con-
tinuous liquid and dispersed vapor phases. The effective vis-
cosity in the momentum and energy equations is taken as the
sum of the molecular viscosity and turbulent viscosity. The
turbulent viscosity is considered as the total of the shear-
induced turbulent viscosity and Sato’s bubble-induced turbu-
lent viscosity.28

The local bubble Sauter diameter, based on the calculated
values of the scalar fraction fi and discrete bubble sizes di, can
be deduced from

Ds �
1

¥i

fi

di

(14)

Bubble nucleation, condensation, breakup, and
coalescence model

According to Fleischer et al.,29 the bubble size distribution is
calculated with the following population balance equation

�n�V, x� , t�

�t
� � � �u� gn�V, x� , t�� � G�V, x� , t� (15)

where n(V, x� , t) is the bubble number density distribution per
unit mixture and bubble volume, which is a function for the
spatial range x� for a given time t and volume V. On the
right-hand side, the term G(V, x� , t) contains the bubble source/
sink rates per unit mixture volume attributed to the bubble
interactions such as coalescence, breakup, and phase change.
For the case of nucleate boiling and condensation in a sub-
cooled boiling flow, the phase-change term includes the rate of
change of bubble population with specific volumes. Phenom-
enological models developed by Prince and Blanch30 and by
Luo and Svendsen31 provided a detailed description of the
mechanisms for coalescence and breakup of intermittent bub-
bles. To effectively use the number density transport equation
given in Eq. 15, coupled with the above-mentioned phenome-
nological models of coalescence and breakup, Pohorecki et al.4

suggested dividing Eq. 15 into N classes to classify the range of
bubble sizes that may be present within the flow volume, that
is

�ni

�t
� � � �u� gni� � � �

j

Rj�
i

� �Rph�i (16)

where (¥j Rj)i represents the net change in the number density
distribution resulting from coalescence and breakup processes.
This interaction term (¥j Rj)i (
PC � PB � DC � DB) contains
the source rates of PC, PB, DC, and DB, which are, respectively,
the production rates attributed to coalescence and breakup and
the death rate to coalescence and breakup of bubbles formu-
lated as
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PC �
1

2 �
k
1

N �
l
1

N

�i,klninj

�i,kl � �kl if 
k � 
l � 
i else �i,kl � 0 if 
k � 
l � 
i

PB � �
j
i�1

N

��
j : 
i�nj DC � �
j
1

N

�ijninj DB � �ini

(17)

The term (Rph)i in Eq. 16 constitutes the essential formula-
tion of the source/sink rates for the phase change processes
associated with subcooled boiling flow. At the heated surface,
bubbles form at activated cavities known as active nucleation
sites. The bubble nucleation rate from these sites can be ex-
pressed as

�WN �
N
f�H

AC
(18)

where N
, f, �H, and AC are the active nucleation site density,
the bubble generation frequency from the active sites, the
heated perimeter, and the cross-sectional area of the boiling
channel, respectively. Because the bubble nucleation process
occurs only at the heated surface, this heated wall nucleation
rate is not included in (Rph)i but rather specified as a boundary
condition to Eq. 16, apportioned to the discrete bubble class ni,
based on the bubble departure criteria on the heated surface.
The bubble sink rate resulting from condensation in a control
volume for each bubble class can be determined from

�COND � �
ni

VB
AB

dRB

dt
(19)

The following holds for the bubble condensation velocity17

dRB

dt
�

h�Tsat � Tl�

�ghfg
(20)

Substituting Eq. 20 into Eq. 19, and given that the bubble
surface area AB and volume VB based on the bubble Sauter
diameter are �Ds

2 and �Ds
3/6, respectively, Eq. 19 can be

rearranged as

�Rph�i � �COND � �
1

�g�g
�6�g

Ds
��h�Tsat � Tl�

hfg
�ni

� �
1

�g�g
�haif�Tsat � Tl�

hfg
�ni (21)

The breakup of bubbles in turbulent dispersions uses the
model developed by Luo and Svendsen.31 Binary breakup of
the bubbles is assumed and the model is based on the theories
of isotropic turbulence. The breakup rate of bubbles of volume
vj into volume sizes of vi can be obtained as

��
j : 
i�

�1 � �g�nj
� C� �

dj
2� 1/3 �

�min

1 �1 � ��2

�11/3 exp��
12cf�

��l�
2/3dj

5/3�11/3�d�

(22)

where � 
 �/dj is the size ratio between an eddy and a particle
in the inertial subrange and, consequently, �min 
 �min/dj; and
C and � are determined, respectively, from fundamental con-
sideration of drops or breakage of bubbles in turbulent disper-
sion systems to be 0.923 and 2.0. The variable cf denotes the
increase coefficient of surface area: cf 
 [ fBV

2/3 � (1 � fBV)2/3 �
1], where fBV is the breakage volume fraction.

The coalescence of two bubbles is assumed to occur in three
steps. The first step involves the bubbles colliding, thereby
trapping a small amount of liquid between them. This liquid
film then drains until it reaches a critical thickness; and the last
step features the rupturing of the liquid film, subsequently
causing the bubbles to coalesce. The collisions between bub-
bles may be caused by turbulence, buoyancy, and laminar
shear. Only the first cause of collision (turbulence) is consid-
ered in the present model. Indeed collisions caused by buoy-
ancy cannot be taken into account here because all the bubbles
from each class have been assumed to travel at the same speed.
Moreover, calculations showed that laminar shear collisions
are negligible because of the low superficial gas velocities
considered in this investigation. The coalescence rate, consid-
ering turbulent collision taken from Prince and Blanch,30 can
be expressed as

�ij �
�

4
�di � dj�

2�uti
2 � utj

2�0.5exp��
tij

�ij
� (23)

where �ij is the contact time for two bubbles given by (dij/2)2/

3/�1/3 and tij is the time required for two bubbles to coalesce
having diameter di and dj estimated to be {(dij/2)3�l/
16�}0.5ln(h0/hf). The equivalent diameter dij is calculated as
suggested by Chesters and Hoffman32: dij 
 (2/di � 2/dj)

�1.
According to Prince and Blanch,30 for air–water systems, ex-
periments have determined the initial film thickness (h0) and
the critical film thickness at which rupture occurs (hf) to be 1 �
10�4 and 1 � 10�8 m, respectively. The turbulent velocity ut,
in the inertial subrange of isotropic turbulence by Rotta,33 is
given by

ut � 1.4�1/3d1/3 (24)

To account for the nonuniform bubble size distribution,
bubbles ranging from 0 to 9.5 mm diameter for the local
investigation and from 0 to 6.35 mm diameter for the axial
investigation are equally divided into 15 classes (see Tables 1
and 2). These maximum bubble diameters of 9.5 mm for the
local case and 6.35 mm for the axial case correspond to the
channel gap sizes of the test sections. Instead of considering 16
different complete phases, it is assumed that each bubble class
travels at the same mean algebraic velocity, to reduce the
computational time, thus resulting in 15 continuity equations
for the gas phase coupled with a single continuity equation for
the liquid phase.
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Wall heat partition model

Various experimental and theoretical investigations for low-
pressure subcooled boiling flow by Judd and Hwang34 suggest
that the wall heat flux Qw can be divided into three compo-
nents: (1) heat transferred by conduction to the superheated
layer next to the wall (nucleate boiling or surface quenching),
Qq; (2) heat transferred by evaporation or vapor generation, Qe;
and (3) heat transferred by turbulent convection, Qc.

The surface quenching heat flux is determined through the
following relationship

Qq � � 2

��
�kl�lCpl �f�Aq�Tw � Tl� (25)

where Tw is the wall temperature; Aq, the fraction of wall area
subjected to cooling by quenching, is calculated from Aq 

N
(�dbw

2 /4); and f is the bubble generation frequency given by
Cole35

f � �4g��l � �g�

3dbw�l
(26)

The bubble departure diameter dbw is formulated from consid-
ering the balance of surface tension and buoyancy forces at low
pressures36

dbw � 2.496 	 10�5��l � �g

�g
� 0.9

�� �

g���
0.5

(27)

The density of active nucleation sites N
 is obtained from the
data correlation of Lemmert and Chwalas,37 which is expressed
by

N
 � �210�Tw � Tsat��
1.805 (28)

The above relationship compares very well with subcooled
boiling experimental data of Basu et al.38 Based on the exper-
imental observations of Zeitoun and Shoukri19 and Lee et al.,16

the bubble contact angles in Eq. 27 have been taken to be at 45
and 55° for the present investigation. These values are in

accordance with the suggested range (40° � � � 60°) estab-
lished in Hsu and Graham39 for most industrial metals and
water.

The heat flux attributed to vapor generation at the wall in the
nucleate boiling region can be simply calculated from Bowring40

Qe � N
f��

6
dbw

3 ��ghfg (29)

The heat flux according to the definition of local Stanton
number St for turbulent convection is

Qc � St�lCplul�Tw � Tl��1 � Aq� (30)

It is noted that ul is the local tangential liquid velocity adjacent
to the heated surface.

Experimental Details

Experimental data of local subcooled boiling flow measure-
ments performed by our Korean collaborators that are used for the
current validation exercise were obtained from Yun et al.20 and
Lee at al.16 The experimental setup consists of a vertical concen-
tric annulus with an inner heating rod of 19 mm outer diameter.
The heated section is a 1.67 m long Inconel 625 tube with 1.5 mm
wall thickness and is filled with magnesium oxide powder insu-
lation. The rod is uniformly heated by a 54-kW DC power supply.
The outer wall consists of two stainless steel tubes with 37.5 mm
inner diameter, which are connected by a transparent glass tube so
that visual observation and photographic recording are made pos-
sible. The transparent glass tube is 50 mm long and is installed just
below the measuring plane. The measuring plane is located at
1.61 m downstream of the beginning of the heated section. De-
mineralized water was used as the working fluid. The test channel
inlet temperature was measured using the calibrated platinum
resistance temperature detector with the estimated error of
�0.2°C. The absolute pressure at the measuring plane was mea-
sured within the uncertainty of �1 kPa. In this work, local gas-
phase parameters, such as local void fraction, bubble frequency,
and bubble velocity, were measured by a two-conductivity probe
method, whereas the Pitot tube was used to measure the local
measurement of liquid velocity with a mean relative error of 3.0%.

Table 2. Diameter of Each Discrete Bubble Class for the
Axial Case

Class No. Central Class Diameter di (mm)

1 0.336
2 0.699
3 1.099
4 1.511
5 1.928
6 2.347
7 2.768
8 3.189
9 3.611

10 4.033
11 4.455
12 4.878
13 5.300
14 5.723
15 6.146

Table 1. Diameter of Each Discrete Bubble Class for the
Local Case

Class No. Central Class Diameter di (mm)

1 0.503
2 1.040
3 1.644
4 2.265
5 2.889
6 3.512
7 4.141
8 4.771
9 5.402

10 6.033
11 6.665
12 7.297
13 7.929
14 8.562
15 9.194
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However, the uncertainty of the bubble Sauter diameters (assum-
ing spherical bubbles) determined through the interfacial area
concentration (IAC), calculated using the measured bubble veloc-
ity spectrum and bubble frequency, was difficult to ascertain and
will, at present, be estimated to be �27%. More details regarding
the experimental setup can be found in Lee et al.16 Experimental
conditions used for comparison with the simulated results are
presented in Table 3. Figure 4a shows a schematic drawing of the
test channel.

For the axial measurements performed by Zeitoun and
Shoukri,19 the test section was a vertical concentric annular test
section. The inner tube, which had a 12.7 mm outside diameter,
was a 30.6 cm long, thick-walled stainless-steel tube (0.25 mm
thick) that was electrically heated. The entire inner tube was
connected to a 55-kW DC power supply. Accordingly, heat
was generated uniformly along the axial length of the inner
tube. The outer tube was a 25.4 mm inner diameter Plexiglas
tube that permitted visual observation. Distilled–degassed wa-
ter was used as the working fluid. A high-speed video system
was used to collect the visual information to study bubble
behavior upstream, near, and downstream of the NVG point.
The uncertainty in determining the NVG location was �2 cm.
A digital image processing technique was used to analyze the
high-speed video information and to measure bubble size dis-
tributions along the subcooled boiling region. Measured dis-
tances in the field of view were estimated to be accurate within
�0.05 mm. A single-beam gamma densitometer was used for
void fraction measurements. Static calibration showed that the
void fraction measurements were accurate within �4%. Other
measurements included the flow rate with an estimated error of
�2%. The test section inlet and outlet temperatures were
calibrated using platinum resistance temperature detectors, as
well as the liquid subcooling along the test section using J-type
calibrated thermocouples. The uncertainties in the temperature
and pressure measurements were estimated to be �0.2°C and
�1 kPa, respectively. More details regarding the experimental
setup can be found in Zeitoun and Shoukri.19 Experimental
conditions used for comparison with the simulated results are
presented in Table 4. Figure 4b shows a schematic drawing of
the test channel.

Numerical Details

Solutions to the two sets of governing equations for the
balance of mass, momentum, and energy of each phase were
sought. The conservation equations were discretized using the
control volume technique. The discrete bubble sizes, prescribed
in the dispersed phase, were further tracked by solving an
additional set of 15 transport equations, which were progres-
sively coupled with the flow equations during the simulations.
The velocity–pressure linkage was handled through the
SIMPLE procedure. The discretized equations were solved
using Stone’s Strongly Implicit Procedure.41 Because the wall
heat flux was applied uniformly throughout the inner wall of

the annulus, the advantage of the annular geometrical shape
was used by modeling only one quarter of the annulus as the
domain for simulation for both the local and axial cases. A
body-fitted conformal system was used to generate the three-
dimensional mesh within the annular channel, resulting in a
total of 13 (radial) � 30 (height) � 3 (circumference) control
volumes for the local case, whereas a total of 8 (radial) � 20
(height) � 3 (circumference) control volumes resulted for the
axial case. Because wall function was used in the present study,
the normal distance between the wall and the first node in the
bulk liquid should be such that the corresponding y� was �30.
Grid independence was examined. In the mean parameters
considered, further grid refinement did not reveal significant
changes to the two-phase flow parameters. Convergence was
achieved within 1500 iterations when the mass residual
dropped below 1 � 10�7. Global execution time on a Silicon
Graphics machine was about 30 min.

Results and Discussion
Empirical bubble diameter relationship for local
comparison

The radial profiles of the bubble Sauter diameter, void frac-
tion, IAC, and vapor and liquid velocities, located at 1.61 m
downstream of the beginning of the heated section, are pre-
dicted through the two-fluid and MUSIG boiling models. In all
the figures presented for the local case, the dimensionless
parameter (r � Ri)/(Ro � Ri) 
 1 indicates the inner surface of
the unheated flow channel wall, whereas (r � Ri)/(Ro � Ri) 

0 indicates the surface of the heating rod in the annulus chan-
nel.

The MUSIG boiling model predictions against local mea-
surements are also compared with computational results deter-
mined through the empirical relationship advanced by Anglart
and Nylund22 to determine the local bubble diameter. They
proposed to estimate the interfacial transfer terms through a
bubble diameter relationship, assuming a linear dependency
with local liquid subcoolings, which can be expressed by

d �
dl��sub � �0� � d0��l � �sub�

�1 � �0
(31)

This relationship is still currently being used and applied in many
boiling studies through the CFX code. Application of this corre-
lation for subcooled boiling flow at low pressures has recently
been reported in the numerical investigations of Lee et al.16

Reference diameters of d0 and d1 in Eq. 31, corresponding to
the reference subcooling temperatures at �0 and �1, are usually
not known a priori. Calculations based on different reference
diameters have been investigated in the present study. We have
assumed for the first case—“Linear1”—that the local bubble
diameters were evaluated between d0 
 1.5 � 10�4 m and d1


 4.0 � 10�3 m, whereas for the second case—“Linear2”—

Table 3. Experimental Conditions for Local Measurements: L1, L2, and L3

Run Pinlet (MPa) Tinlet (°C) Tsub(inlet) (°C) Qw (kW/m2) G (kg m�2 s�1)

L1 0.142 96.6 13.4 152.3 474.0
L2 0.137 94.9 13.8 197.2 714.4
L3 0.143 92.1 17.9 251.5 1059.2
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they are determined between d0 
 1.5 � 10�4 m and d1 

7.0 � 10�3 m, respectively. We further assumed that both of
the reference diameters corresponded to identical reference
subcooling temperatures of �0 
 13.0 K and �1 
 �5 K.

Local distributions of the bubble Sauter diameter, void
fraction, and interfacial area concentration

Figure 5 illustrates the local radial bubble Sauter diameter
distribution at the measuring plane of the heated annular channel.
In all three cases, the empirical correlations from Anglart and
Nylund22 misrepresented the local bubble size distribution. The
gradual increase of the bubble Sauter diameters toward the heated
wall with the highest bubble sizes predicted at the heated wall by
the empirical relationships contradicted the local radial measure-
ments. In the experiments, high-speed photography (see Figure 2)
clearly demonstrated that large bubble sizes were present away
from the heated wall, not at the heated wall. This trend was
correctly predicted by the MUSIG boiling model. Good agree-
ment was achieved against the measured bubble sizes for all three
experimental conditions. The predicted bubble diameter behavior
determined through the empirical correlation was determined to be
deficient because of the absence of properly accommodating the
bubble mechanistic behavior of coalescence and collapse attrib-
uted to condensation. Evidently, the bubble size determination in
the bulk liquid core was not strictly dependent on only local
subcoolings. The empirical relationship was seen to significantly
compromise the model predictions.

It was also observed in Lee et al.16 that the vapor bubbles,
relatively small when detached from the heated surface, increased
in size because of bubble coalescence as they migrated toward the
center of the flow channel. The bubble departure diameter evalu-
ated from Eq. 27 resulted in a bubble size of about 1.8 mm. In all
three cases compared, a maximum predicted bubble size for L1,
L2, and L3 of about 4.5, 4.0, and 3.8 mm, respectively, confirmed
the experimental observations. It was also interesting to note that
coalescence of bubbles occurred axially along the heated surface.
Experiments by Bonjour and Lallemand42 and Prodanovic et al.43

clearly indicated the presence of bubbles sliding shortly after
being detached from the heated cervices before lifting into the
liquid core. These upstream bubbles traveling closely to the heated
wall have the tendency of significantly colliding with any de-
tached bubbles downstream and subsequently forming bigger bub-
bles as a result of the bubbles merging together. Here, simulations
have determined a bubble Sauter diameter of 3 mm, correspond-
ing to the adjacent points along the heated wall for all three
experimental conditions L1, L2, and L3. That the bubble sizes are
substantially larger than the bubble departure diameter demon-
strated to some degree the capability of the MUSIG boiling model
to capture the coalescence behavior of the bubbles sliding along
the heated surface.

As the bubbles migrated toward the opposite end of the
adiabatic wall, they are decreased because of the increased
condensation. Here, only the low-temperature single-phase
subcooled water existed. The bubble Sauter diameter profiles
of the MUSIG boiling model clearly showed the gradual col-
lapse of the bubbles and the absence of bubbles near the
adiabatic wall of the test channel. Important insights to the
effect of condensation revealed that more bubbles were con-
densed at a higher inlet subcooling condition as shown in
Figure 5c. With increasing mass fluxes, the interfacial heat

Figure 4. Test channel.
(a) Local measurements and (b) axial measurements.
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transfer was further enhanced, thereby resulting in more bub-
bles being condensed in the subcooled liquid core.

Figure 6 presents the locally predicted void fraction profiles
against radial measured values. The peak local void fraction was
always observed in the vicinity of the heated surface in a typical
subcooled boiling flow. This high local void fraction found here
was explicitly attributed to the large number of bubbles generated
from the active nucleation sites on the heated surface. Here, a
substantial amount of bubbles was generated from these nucle-
ation sites when the temperature on the heated surface exceeded
the saturation temperature. As these bubbles reached a critical
size, they detached and migrated laterally toward the subcooled
liquid core under the competing process of bubble coalescence
and condensation as mentioned earlier.

The use of “Linear1” reference diameters in Eq. 28 signifi-
cantly underpredicted the local void fraction distribution for all
the experimental conditions. By using a larger reference diam-
eter of d1 in “Linear2,” the predictions faired better. Albeit its
simplicity of formulation and application, the use of this rela-
tionship failed to offer any significant benefits attributed to the
ad hoc specifications of its reference diameters.

In some boiling problems, the setting of proper reference
subcooling limits needs to be carefully selected, which are also
not known a priori. More important, extending the use of this
empirical relationship for other types of boiling flow regimes
may not be confidently applied beyond the subcooled bubbly
flow regime, flow transition in the two-phase flow structures
from bubbly to slug or churn turbulent boiling regimes, and
other geometry configurations. However, the MUSIG boiling
model (fundamentally derived from population balance princi-
ples) has the capacity of accommodating the different ranges of
bubble sizes and mechanisms that may be present within the
boiling liquid. It thus presents enormous potential of possibly
tracking the transition from one flow regime to another and
mechanistically predicting the bubble sizes associated with
each of the boiling flow regimes. This approach may well
replace traditional flow regime maps and regime transition
criteria. For example, numerical studies of adiabatic bubbly
flows in bubble columns, conducted by Olmos et al.,5 have
demonstrated the capability of the MUSIG model to predict the
evolution of bubble sizes between two flow domains. In these
two domains, the characteristics of the bubbles are typical of
the homogeneous and transition regimes.

Figure 7 describes the local IAC radial distribution. The IAC
can be determined through the following relationship

aif �
6�g

Ds
(32)

The measured radial data followed a trend similar to that of the
void fraction distribution in Figure 7. The use of smaller
reference diameters in “Linear1” significantly overpredicted
the IAC near the heated wall, as expected. Overall, better
agreement between the measured and predicted IAC was

achieved using the MUSIG boiling model. Based on a recent
investigative study, Hibiki and Ishii44 established the signifi-
cance of active wall nucleation site density linking to the
prediction of the IAC. A generalized expression of the active
nucleation site density on the heated surface covering a wide
range of conditions is still not available and requires more
analysis, especially for large mass fluxes. One complexity that
arises in performing such experiments is in determining the
population distribution of cavities, which cannot be directly
determined by measurement; they have to be indirectly inferred
from experimental data. The local predictions of the void
fraction and bubble Sauter diameter and consequently IAC
immediately adjacent to the heated surface were determined
through imposed boundary conditions at the heated surface.
Therefore, they were greatly influenced by the density of the
active wall nucleation sites and to some degree by the bubble
departure size at the wall, which explained the discrepancies
seen in Figure 7. Empirical correlation applied as a simpler
boiling model was developed, void of any direct influence from
the heated surface boundary conditions. Predictions made
through this relationship may again not be easily extendable
beyond general boiling flow structures.

Local distributions of the vapor and liquid velocities

The radial profiles of the axial component of the local vapor
velocity are shown in Figure 8, whereas Figure 9 presents the
radial profiles of the local liquid velocity for experimental
conditions L1, L2, and L3.

The vapor velocity was greater than the liquid velocity because
of buoyancy force caused by density difference. As was observed
in the experiment, the vapor velocity was higher at the center than
the velocities near the heating rod. This was probably attributable
to the buoyancy effect being enhanced for the migration of the
large bubbles there, which was again confirmed by high-speed
photography in Lee et al.16 However, the vapor velocity predicted
by the MUSIG boiling model along with local empirical bubble
diameter relationship for calculating the local bubble sizes showed
higher velocity values approaching the heated boundary. The
MUSIG boiling model vapor velocities in the vicinity of the
heated surface were rather similar to those of the simpler models
for all three cases because of the assumption that each bubble class
traveled at the same mean algebraic velocity. The philosophy
behind adopting this approach for the subcooled boiling studies
was to hasten the computational time and reduce computational
resources. However, the discrepancies between the predicted and
measured velocities near the heated wall demonstrated the inad-
equacy of the adopted approach. Within the channel space, dif-
ferent size bubbles are expected to travel with different speeds. As
an initial step toward resolving the problem, additional momen-
tum equations or an algebraic slip model could be proposed to
account for bubble separation. For the latter, the terminal veloci-
ties for each of the bubbles can be considered by applying an
algebraic relationship suggested by Clift et al.,45 which are then
used to evaluate the individual bubble slip velocities. Work is

Table 4. Experimental Conditions for Axial Measurements: A1 and A2

Run Pinlet (MPa) Tinlet (°C) Tsub(inlet) (°C) Qw (kW/m2) G (kg m�2 s�1)

A1 0.15 94.6 16.6 508.0 264.34
A2 0.15 88.9 22.5 705.0 411.7
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Figure 5. Local mean radial profiles of bubble Sauter diameter.
(a) L1, (b) L2, and (c) L3.
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Figure 6. Local mean radial profiles of void fraction.
(a) L1, (b) L2, and (c) L3.
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Figure 7. Local mean radial profiles of interfacial area concentration.
(a) L1, (b) L2, and (c) L3.

AIChE Journal 19January 2005 Vol. 51, No. 1



Figure 8. Local mean radial profiles of vapor velocity.
(a) L1, (b) L2, and (c) L3.
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Figure 9. Local mean radial profiles of liquid velocity.
(a) L1, (b) L2, and (c) L3.
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currently in progress to overcome this deficiency of the two-fluid
and MUSIG boiling models. The consideration of additional mo-
mentum equations to cater to each of the 15 bubble classes would
increase the computational resources tremendously and is deemed
impractical. Ongoing investigations are currently being under-
taken to test a pertinent choice of two or three dominant groups of
bubbles transformed into the Eulerian phases to sufficiently ac-
commodate the hydrodynamics of bubbly flows of widely distrib-
uted bubble sizes. Also, the process of developing an algebraic
slip model is in progress to account for the proper evaluation of
slip velocities resulting from bubble separation.

Nevertheless, in Figure 9, good agreement achieved for the
liquid velocities, between the predictions and experimental
values, at the measuring plane in the liquid phase was gratify-
ing. These velocities showed a closer resemblance to the mea-
surements than the predicted profiles of the vapor velocity.

Axial distributions of the mean and local bubble Sauter
diameter, interfacial area concentration, and void
fraction

For the axial case, the experimental data of Zeitoun and
Shoukri19 (here, cases A1 and A2) have been used to examine
the effect of various parameters and models on the numerical
predictions. These data were chosen because they provided
measurements of the mean bubble Sauter diameter distribution
along the axial length, which allowed direct verification of the
MUSIG boiling model in predicting the axial evolution of the
bubble size.

Figure 10 compares the measured and predicted bubble
diameters normalized by the length scale ��/g�� along the
heated section. Good agreement was achieved comparing the
axially computed area-averaged bubble Sauter diameter deter-
mined through the MUSIG boiling model against the measured
values. The increasing bubble sizes along the axial length
clearly showed the intensification of the bubble coalescence as
the bubbles traveled downstream along the heated wall toward
the channel exit. Because of the high heat fluxes imposed, the
ONB point occurred at the channel entrance. Between the ONB
point and a channel height of 0.1 m downstream, the larger
bubble diameters predicted for both cases in this region were
attributed to the constant bubble departure diameter prescribed
for the wall heat partition model, which subsequently yielded
higher evaporation mass transfer rates at the heated surface.
Beyond the channel height of 0.1 m, the dominance of bubble
coalescence preceded the influence of the bubble departure at
the wall. The coalescence intensity reached the highest around
the channel exit. Figure 11 illustrates the local radial distribu-
tion of the bubble Sauter diameters at three respective locations
along the channel height: near the channel entrance, middle of
the channel, and near the channel exit. At these three locations
for both cases, the bubbles showed an increased tendency for
vigorous coalescence as they migrated downstream, particu-
larly close to the channel exit. The presence of large bubbles
blanketing the channel space near the channel exit, especially
for case A1, indicated the possible existence of different flow
regimes. Flow visualizations using high-speed video revealed a
flow regime transition from bubbly flow to churn flow, for
which the numerical simulations are in agreement with the
observed phenomena. In Figure 11, it could also be inferred
that bubble interaction or coalescence was not the major mech-

anism in the vicinity of the channel entrance, at which the local
radial bubble distribution indicated the bubbles condensing
more favorably because of the higher subcooling temperatures.

Figure 12 describes the axial IAC distribution, whereas Figure
13 demonstrates the axial void fraction evolution along the heated
section. Because of the good agreement achieved between the
predictions and measurements of the void fraction, the IAC were
also in good agreement with the measured values, for the given
axial bubble size evolution. The predicted void fraction profiles
clearly represented the subcooled boiling characteristics as de-
picted in Figure 1: a low void fraction region followed by a second
region, in which the void fraction increased significantly. The
predicted void fraction profiles also correctly established a plateau
at the initial stages of boiling. The sharp increase of the void
fraction profiles approaching the channel exit was attributed to the
increase of bubble sizes decreasing the IAC, thereby causing a
reduction in the condensation rate per unit volume of the channel.
Also, this was also associated with the reduction in the relative
importance of condensation at the bubble interface resulting from
the decrease of liquid subcooling, which encouraged more bubbles
to merge. The point separating between the low and high void
fraction regions were described earlier as the NVG point. During
experiments, they were measured to be at axial distances of 7.5
and 9.2 cm from the channel entrance with an uncertainty of �2
cm, respectively. This large uncertainty clearly highlighted the
difficulty in precisely locating the point where bubbles became
significantly detached from the heating surface. Rogers et al.46

performed special experiments to determine the void content at the
onset of significant voiding and established that the void content at
the NVG lay between 5 and 10%. Based on a void content of
7.5%, an average value between 5 and 10%, the axial distances of
the NVG point for cases A1 and A2 were determined to be 6.6 and
5.7 cm, respectively. It is noted that accurate determination of the
NVG points is a subject of constant debate. However, the close
agreement between the predicted and measured NVG points was
gratifying.

Conclusion

A two-fluid model, coupled with a population balance ap-
proach, is presented in this article to handle bubbly flows in the
presence of heat and mass transfer processes. The increase in
complexity of modeling such flows derives from the additional
consideration of the gas or liquid undergoing a phase transforma-
tion. Subcooled boiling flow belongs to a specific category of
bubbly flows with heat and mass transfer, where it embraces all
the complex dynamic interaction of the phenomena associated
with hydrodynamics, heat and mass transfer, and coalescence and
breakup of bubbles. Modeling subcooled boiling flows, particu-
larly at low pressures, have been successfully demonstrated. The
range of bubble sizes in the subcooled boiling flow was distributed
according to the division of 15 diameter classes. Each of them
experiencing coalescence and breakup phenomena has been con-
sidered. The MUSIG boiling model was developed to account for
the wall nucleation or vapor generation on the heated surface and
condensation process in the subcooled liquid core combined with
the bubble coalescence of Prince and Blanch30 and bubble breakup
of Luo and Svendsen.31

Comparison of the predicted results was made against local
measurements of Yun et al.20 and Lee et al.16 An additional
comparison, using an empirical relationship to determine the
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local bubble diameter adopted in the CFX boiling model, was
also investigated. Good agreement was achieved through the
newly formulated MUSIG boiling model for the local bubble
Sauter diameter, void fraction, IAC, and liquid velocity pro-
files. However, in the gas phase, given that the assumption was
invoked where each bubble class traveled at the same mean
algebraic velocity to reduce the computational time and re-
sources, a weakness of the model was evidenced in the predic-
tion of the vapor velocity. Research is currently ongoing to
consider additional momentum equations or develop an alge-
braic slip model to account for bubble separation, to yield a
more realistic prediction of the vapor velocity.

Comparison of the predicted results was also made against
axial measurements of Zeitoun and Shoukri.19 Good agreement
was achieved for the mean bubble Sauter diameter, IAC, and
void fraction profiles. The MUSIG boiling model clearly rep-
resented the plateau at the initial boiling stages, typical of
subcooled flow boiling at low pressures, followed by the sig-
nificant increase of the void fraction downstream. Work is in
progress to address the discrepancy evidenced in the formation
of bubbles in the bulk subcooled liquid during the initial stages
of boiling through the formulation of a model to better predict
the bubble departure along the heated section through consid-
eration of appropriate forces acting on them.

Figure 10. Axial distribution of the mean bubble diameter.
(a) A1 and (b) A2.
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Notation

aif 
 interfacial area concentration
AB 
 bubble area
AC 
 cross-sectional area of boiling channel
Aq 
 fraction of wall area subjected to quenching
cf 
 increase coefficient of surface area
C 
 constant in Eq. 17

Cp 
 specific heat
CD 
 drag coefficient
CL 
 lift coefficient

CTD 
 turbulent dispersion coefficient
Cw1, Cw2 
 wall lubrication constants

d 
 parent particle diameter
dbw 
 bubble departure diameter

di, dj 
 daughter particle diameters

dij 
 equivalent diameter
d0, d1 
 reference bubble diameters

DB 
 death rate due to breakup
DC 
 death rate due to coalescence
Ds 
 bubble Sauter diameter

f 
 bubble departure frequency
fBV 
 breakage volume fraction

fi 
 scalar variable of the dispersed phase
Flg 
 total interfacial force

Flg
drag 
 drag force

Flg
lift 
 lift force

Flg
lubrication 
 wall lubrication force

Flg
dispersion 
 turbulent dispersion force

g 
 gravitational acceleration
g� 
 gravitational vector

Figure 11. Local radial profiles of bubble Sauter diameter.
(a) A1 and (b) A2 at three locations: near the channel entrance, midway of channel and, near the
channel exit.
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h 
 interphase heat transfer coefficient
G 
 mass flux

G(V, x, t) 
 generation function
h 
 initial film thickness
hf 
 critical film thickness at rupture

hfg 
 latent heat
H 
 enthalpy
k 
 turbulent kinetic energy
n� 
 normal to the wall surface

n(V, x, t) 
 bubble number density distribution
ni 
 number density of the ith class
nj 
 number density of the jth class
N 
 number of bubble classes

N
 
 active nucleation site density
P 
 pressure

PB 
 production rate due to breakup
PC 
 production rate due to coalescence

Q 
 heat source in Eq. 4
Qw 
 wall heat flux
Qc 
 heat transferred by convection
Qe 
 heat transferred by evaporation
Qq 
 heat transferred by quenching

r 
 radius
RB 
 bubble radius

Ri,o 
 inner and outer radius of annular channel
Rph 
 source/sink term due to phase change

Si 
 source/sink term due to coalescence and breakup
St 
 Stanton number

t 
 thermo-fluid timescale
tij 
 coalescence time
T 
 temperature

Tsat 
 saturation temperature
Tsub 
 subcooling temperature

u 
 velocity

Figure 12. Axial distribution of the interfacial area concentration.
(a) A1 and (b) A2.
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u� 
 velocity vector
ut 
 velocity due to turbulent collision
v 
 volume corresponding to particle diameter d

VB 
 bubble volume
x� 
 spatial vector

yw 
 adjacent point normal to the wall surface

Greek letters

� 
 void fraction
� 
 measured constant in Eq. 17
� 
 coalescence rate
� 
 dissipation of kinetic energy

�WN 
 bubble nucleation rate
�COND 
 bubble condensation rate


 
 turbulent kinetic energy

� 
 mass transfer
� 
 size of an eddy

�e 
 effective thermal conductivity
�e 
 effective viscosity
� 
 bubble contact angle

�ij 
 turbulent collision rate
�sub 
 subcooling temperature 
 Tsat � Tl

�0, �1 
 reference subcooling temperatures in Eq. 28
� 
 density

�� 
 density difference 
 �l � �g

� 
 surface tension
�ij 
 bubble contact time
� 
 breakup rate
� 
 size ratio between an eddy and a particle in the inertial

subrange
�H 
 heated perimeter of boiling channel

Figure 13. Axial distribution of the void fraction.
(a) A1 and (b) A2.
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Subscripts

g 
 vapor
gl 
 transfer of quantities from liquid phase to vapor phase
l 
 liquid

lg 
 transfer of quantities from vapor phase to liquid phase
min 
 minimum

w 
 wall
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